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Galois modules

L/k finite Galois field extension with group G =—> L is a k[G]—module

Normal Basis Theorem L is a free k[G]—module of rank one

L/k local fields with integer rings Oy, Oy

Theorem (E. Noether, Normal Integral Basis)
O, free Ok[G] — module < L/k at most tamely ramified

What for wildly ramified L/k ?
Idea: replace

OdG](—Q[Z{hEk[G]|h~X€O[_VXEOL}

the associated order Is O, a free A—module?
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@ k=Q and G abelian (Leopoldt)
@ k=Q and G = Dy, (Bergé)
o If k = Qp(or finite extension) and Gal(L/k) = C,

t (# —1) the ramification number. We have 1 <t < i

p—1

a=t modp
e a=0 — Oy free A—module

e a#0and t<pp—f1—1

O; free A —module & a|p—1

@ presque maximal plfl —1<t< pp,el

t . .
— = [ag,a1...,a,] continued fraction
p

O, free A—module &= n < 4 (Bertrandias, Bertrandias, Ferton)
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o (Byott) L/k abelian extension of p—adic fields, wildly and
weakly (G = 1) ramified

O, free A — module

@ (Johnston) L/k wildly and weakly ramified finite Galois
extension of complete local fields with finite residue fields

O free A — module
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Hopf Galois-module structures

K/k finite
K /k Hopf-Galois

T

There exist

@ a k—Hopf algebra H of finite dimension

@ a Hopf action 1 : H — Endk(K) (K is H-module)
such that

(1,u) : K ®k H — Endk(K) isomorphism

— dimH = [K : K]
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Separable Hopf Galois Extensions

K /k separable

° }?/k normal closure K/k
o G = Gal(K/k) G' = Gal(K/K)

Provide the information on the Hopf Galois character of K/k

Greither-Pareigis

K /k Hopf Galois & 3 regular subgroup N C Sym(G/G')
normalized by A(G)

A(G), p(G) image of G under left,right regular reperesentation
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Separable Hopf Galois Extensions

Let K/k be a separable field extension, then there is a one-to-one
correspondence between

© Hopf-Galois structures on K/k
@ regular subgroups N C Sym(G/G’) normalized by A(G)

L/k Galois non abelian, at least two different structures:
classical N = p(G) and non classical N = A(G)
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Separable Hopf Galois Extensions

Hopf algebra attached (twist of a group algebra)

H = K[N]®

G acts on K as automorphism group
A(G) acts on N via conjugation

Hopf action w: H — End(K)

(3 cm-x=Y cn(Is)x)

neN neN
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Associated orders

L/k Galois extension of local fields with integer rings O, Oy
L/k Hopf Galois with algebra H

Ay ={he H| hO, C O}

the associated order. Is O, a free —module?

o Classical Galois structure: H = k[G]

e Structure corresponding to regular group N: H = L[N]®
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Induced Hopf Galois structures

L/k Galois
G = Gal(L/k)
G’ = Gal(L/F)

Assume G’ has normal complement in G

~—T—r~

If Ny gives a Hopf Galois structure for F/k and N, gives a Hopf
Galois structure for L/F, then

Ny x Ny C Sym(G/G') x Sym(G’) C Sym(G)
gives a Hopf Galois structure for L/k Induced

Crespo, T; Rio, A; Vela, M: Induced Hopf Galois structures. J. Algebra 457 (2016)
312-322.
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Induced Hopf Galois structures

A Galois extension L/k with Galois group G = G; x G’ has at
least one split Hopf Galois structure of type G; x G’

A(G1) x p(G') C Sym(G)

For Galois groups of order 2p, split structures are induced
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Local extensions with dihedral Galois group D,,

p odd prime
K/Qp degree p, normal closure L/Q, with Galois group G ~ D»,

© p = 3 six non-isomorphic cubic extensions of Q3

x34+3 x3+6x+3
x3 421 x3+3x+3
x3+12 x3+3x2+3

Inertia group Dg except for the last one, which has inertia group Gz

© p > 3 three non-isomorphic degree p extensions of Q,

xP + pX"*1 +p
xP + 2p><pT71 +p

p—1
xP+(p—=2)pxz +p

Inertia group of the first is C,. The other two have inertia Dy,

(Awtrey, Edwards)(Amano polynomials)
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Ore’s conditions on totally ramified extensions and Eisenstein polynomials

H Polynomial dK/@p dL/QP G DG D...
p=3 ] x>+3 3° 30 $3D2G2G2O2GO1
x34+12 3° 31 $3D0GDCGDGD1
x3 421 35 31 $30G2GD2G2O1
x3+3x2+3 34 38 GDGDl1
x34+3x+3 33 37 $3D0GD1
x3 +6x+3 33 37 S$3DCGD1
p>3 || xP+pxP1+p p2e=0 | p* =T | ¢, D2 C D1
p—1 3(p—1)
xP+2px 2z +p p 2z | p*¥2 | D)pDG D1
p—1 3(p—1) 3,0
xP+(p—=2)px 2 +p | p~ 2 p°f Dy, 2C 21

All but first three are wildly and weakly ramified
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Hopf Galois structures

@ Dihedral type Dy,
2 structures corresponding to p(G) (classical) and A(G)

@ Cyclic type Gp = Cp x
p split induced from intermediate fields

Qple;) =LP  Di=(r's) i=0...p—1

Attached regular subgroups are A((r)) x p(D;)
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Dihedral type

Truman

Oy free over g, (g if and only if it is free over A, , the Hopf
algebra corresponding to the canonical nonclassical structure, that
is, the nonclassical Hopf Galois structure of dihedral type

Johnston
For weakly ramified O free over 2g (g

We are left with three cases where p = 3 and have to check only the
classical Galois action
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x3 + a Classical structure

L =Qs(e, ) = Q3(x, w) with w? = —3
Galois action on L

1 o o w wa w
id 1 o o2 w wx wa?
r 1 “fatiwa —Lia?2—iwa® o —da—iwa 302 lwa?
|1 fgocfgwoc f§oc2+§woc2 w %ocf%wcx f%oczf%zwo@
s 1 o o —w —w —w
rs |1 —fatioax —ia?—lwa® -0 Zat+iwa —2a2+ lwa?
s |1 fgocfgwoc f§a2+§woc2 —w  —da+iwa 302+ Jwa?

h = hgid + hyr + hyr? 4+ hss + hyrs + hsr?s € Q3(G] such that h- O, C O,
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x3 + a Classical str

O, = Oklw] = Zs[o, w]

F1 1 11 1 1
1 12 12 1 -1/2 -1/
0 12 -1/2 0 12 -1/2

1 —1/2 -1/2 1 -1/2 —1/2 ho
h

0 —-1/2 12 0 -1/2 12 o

11 1 -1 -1 -1 hs
hy

0 —3/2 3/2 0 3/2 -3/2 hs

1 —1/2 -1/2 -1 1/2 1/2

0 3/2 -3/2 0 -3/2 3/2

[uy

—1/2 -1/2 -1 1/2 1/2 |

should be a vector of integers.
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x3 + a Classical structure

73 basis for the associated order 2(q,(p,]

‘1 o o W oWwx W
81 1 0 0 0 0 0
2
1+r+r2+s+rs+rs e |0« & ) 0 0 0
81 = 6 g | 0 wa —wx 0 0 0
2—r—r?>+2s—rs—r’s g [0 0 0 w 0 0
&= g |0 O 0 0 o —o?
P B 5= 5 g | O 0 0 0 wa wo?
14+r+rP—s—rs—r’s B=1+oa+a?+ w4+ wx+ wx?
84 =
>, 5,
A s Ll gaip=1 B =w
8 ) (g2 + g5)B = 2a (82— 85)p =202
g 2Trroks Akl (grg)Bp=2wx (gt gs)p = 2wa?

6
2 €23 = Oy free over g, p,] generated by (3

Freeness over the associated order for all the Hopf-Galois structures of dihedral type.
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x> + a Induced split structure

Cyclic types: regular subgroups of Sym(G) normalized by G

N = (Ar),p(s)) = G ~ G x G~ (A(r)) x (p(s))
Ni = (A(r),p(rs))
N> = (A(r),p(rs))

Work with N = (g = (1,rs,r%, s, r, r?s))

@ A(G) action on N: A(r)gA(r)t=g )\(s)g)\(s)_1 =g!
@ (Q,—basis of Hopf algebra H = L[N [l

id, (g+g!), wlg—gt), &, @E+g?), wlg
@ is tensor product of basis:

H = LIQA) x (p(s)]N) = LIAMNIMNG @ Qsl{p(s))] = H1 ® Hy

Qs—basis for Hy: id, (A(r) +A(r)71), w(A(r) — A(r)™1)
Q3—Dbasis for Hy: id, p(s)
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x> + a Induced split structure

Hopf action
(> cig’) - x =3 cleh(1e)x)
1 o o w wa wo?
id 1 « o2 w wx wa?
(g2+g2%) |2 —a —a® 2w —wa —wo?

w(g?—g>) |0 3 —3a? 0 3w —3wa?

g3 1 o o —w —wx —wa?
(e+g™) 2 —ax - 2w @ wx woe?
wlg—g) |0 30 —3a? 0 —Bwo  3wo?

See the induced action in the structure

Box‘ wBox
Box | —wBox
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x> + a Induced split structure

Hj is the Hopf algebra corresponding to the unique (almost classical)
Hopf Galois extension Qz()/Qs

Hopf action

1

id 1
A(r) +A(r)1 2 —a —a?
WA(r)=A(N™) | 0 3ax —3a

H, is the Hopf algebra corresponding to the unique (classical) Hopf
Galois extension Q3(w)/Q3

Hopf action
1 w
id 1 w
p(s) |1 —w
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x> + a Induced split structure

11
1 2 0 3 3 3
A=|1 -1 3 Al=|(3 i —%
1
1 -1 -3 OF =l —e
Z3—basis for the associated order Ay,
h:ﬂ A(r) +A(r) ! |1 « o
3 3 h 1 0 0
h,zﬁ_?\(r)+?\(r)_1+w(7\(r)—?\(r)_1) M lo « o
3 6 6 Z 2
oA AT @) A e o e
-3 6 6

Ok is free over the associated order 2. and p =1+ « + o2 is a generator
K Hy g
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x> + a Induced split structure

In order to do the same for a basis of the associated order 2l we have to

deal with the block matrix
A A
a=(a %)

We have detB = det(—2A?) and

1 /A1 Al
—1 _ =
=2 )
The same procedure gives a Zs—Dbasis for 2y , freeness of O; over Ay

and generator
Y=1+a+o?+w+ wa+ wo?
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Induced split structures

H=H, ® H,
@ Associated order Ay

H, ® K = K[ Gal(LIK) ] L .
‘/ obtained from Ay, and 2,

K Gal 1

Nt o i Gatn) obtained from 24, /x and 24, /p
wer-c\ y @ Freeness: O free over Ay
H, 2
' . /(, & free over A, /x and 2, /p
S H

& Ok free over 2y, and Oy
free over Ay,
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Dihedral Induced split structures

@ Ay, = Zp[ Gal(M/Qp)] and Oy free over Ay, (Noether)

|| Polynomial | G26G2... | tym
p=3 1 x3+3 $3D2GD2GDGO1 3
x3+12 $30G2G2GO1 3
x3+21 $32G2G2G21 3
x34+3x2+3 GDGDl1 1
x3+3x+3 $3D0CGD1 1

x3 4+ 6x+3 S53202G21 1

p>3 xP+pxP1+p G, 2C, D1 1
P e b DypDCp2D1 1
XP+(p—2)px°T +p | Dp DG 21 1

Cp-extension L/M has either a=0ora=1( p—1)
@ O is free over 2 sy (Bertrandias, Bertrandias, Ferton)

L/Qp a Dy,—Galois extension with induced Hopf Galois structure with Hopf algebra H

Oy is free over Ay

Anna Rio Daniel Gil Hopf-Galois module structure of dihedral local extensions



